SECOND MAIN THEOREMS AND UNIQUENESS PROBLEM OF 
MEROMORPHIC MAPPINGS WITH MOVING HYPERSURFACES 



SI DUG QUANG 



Abstract. In this article, we establish some new second main theorems for meromor- 
phic mappings of C™ into P"(C) and moving hypersurfaces with truncated counting 
functions. A uniqueness theorem for these mappings sharing few moving hypersurfaces 
without counting multiplicity is also given. This result is an improvement of the recent 
result of Dethloff - Tan [3] . Moreover the meromorphic mappings in our result may be 
algebraically degenerate. The last purpose of this article is to study uniqueness problem 
in the case where the meromorphic mappings agree on small identical sets. 



1. Introduction 

In 2004, Mill Ru ^ showed a second main theorem for algebraically nondegenerate 
meromorphic mappings and a family of hypersurfaces in weakly general position. After 
that, with the same assumptions, T. T. H. An and H. T. Phuong [1] improved the result 
of Min Ru by giving an explicit truncation level for counting functions. 

Recently, in [2] Dethloff and Tan generalized and improved the second main theorems 
of Min Ru and An - Phuong to the case of moving hj^ersurfaces. They proved that 

Theorem A (Dethloff - Tan [2j) Let f be a nonconstant meromorphic map of C" into 
P"(C). Let {QiYi^i he a set of slow (with respect to f) moving hypersurfaces in weakly 
general position with degQj = dj {1 < i < q). Assume that f is algebraically nondegen- 
erate over /C{Q.}'3_^. Then for any e > there exist positive integers Lj {j = l,....,q), 
depending only on n, e and dj {j = 1, ...,q) in an explicit way such that 

||(g _ ^ _ 1 _ e)Tj{r) < J2 W + 



Here, the truncation level Lj is estimated by 

^ ~ d ' 
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where d is the least common multiple of the d'jS, d = lcm{di, dq), and 

M =d ■ [2(n + 1)(2" - l){nd + 1)6"^ + n + l], 

„ . (rr)'-a)-i)-Mrr)'-(:)) , ... 

Po —[ e -"-J ' 

( fn + MY fq\ ^ " ^ > 
and tp,+i <n ^ J ■ 

where [x] = max{A; G Z ; k < x} for a real number x. 

By using this second main theorem, Dethloff and Tan proved a uniqueness theorem for 
meromorphic mappings which share slow moving hypersurfaces as follows. 

Let /, g : — )■ P'^(C) be two meromorphic mappings. Let {Qjj^^i be q moving hyper- 
surfaces of P"(C) in weakly general position, deg Qi = di, and let d, d*, d be respectively 
the least common multiple, the maximum number and the minimum number of the d/s. 
Take M,po be as above with e = 1 and set 

/ fn + MY fq\ - ' > 

With the above notations, in 2011, Dethloff and Tan proved the following. 

Theorem B (Theorem 3.1 ^J). a) Assume that f and g are algebraically nondegenerate 
over }C{Q.} such that: 

t)V-{f)=V^{^) on |J(ZeroQ,(/)UZeroQ,(^?)), 

js gs .^-^ 

for all \a\ < p, p E and < k ^ s < n. 
Then for q > n + + ^, we have f = g. 
b) Assume f and g as a) satisfy i) and 

n 

dim(P| Zero(5ij(/))< m - 2 yi < < ■ ■ ■ < i^ < q. 

j=0 

Then for g>n+^ + |, we have f = g. 

However, the number of moving hypersurfaces in Theorem B is still big, since the 
truncation levels given in Theorem A is far from the sharp. 
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We also would like to note that, in all mentioned results on second main theorem of 
Min Ru, An - Phuong and Dethloff - Tan the algebraically nondegeneracy condition of the 
meromorphic mappings can not be removed and it plays an essential role in their proofs. 

The first purpose of the present paper is to show some new second main theorems for 
meromorphic mappings sharing slow moving hypersurfaces with better truncation levels 
for counting functions. Moreover the mappings may be algebraically degenerate. Namely, 
we prove the following theorems. 

Theorem 1.1. Let f be a meromorphic mapping o/C™ into P"(C). Let Qi {i = 1, ...,q) 

be slow (with respect to f) moving hypersurfaces ci/P"(C) in weakly general position with 
degQi = di, q > uN + n + 1, where N = ("'^'^) — 1 and d = lcm{di, dq). Assume that 
Qi{f)^0{l<i<q). Then we have 



nN + n+l ' ~ ^ 

1=1 

Theorem 1.2. Let f be a meromorphic mapping o/C" into P'*(C). Let Qi {i — 1, ...,q) 

be slow (with respect to f) moving hypersurfaces ci/P"(C) in weakly general position with 
degQi = di, q > N + 2, where N = {"'^f) — 1 and d = lcm{di, ...,dq). Assume that f is 
algebraically nondegenerate over ^{Qj}«_^ • Then we have 



ii=i 

9 



" 7V + 2 ' - ^ d. 

i=l ' 

The second purpose of this paper is to show a uniqueness theorem for meromorphic 
mappings sharing slow moving hypersurfaces without counting multiplicity. We will prove 
the following. 

Theorem 1.3. Let f and g be nonconstant meromorphic mappings of C"* into P"^(C). 
Let Qi {i — be a set of slow (with respect to f and g) moving hypersurfaces 

in P"(C) in weakly general position with degQi — di. Put d — lcm{di, ...,dn+2) o-nd 
N — ("^'^) — 1. Let k {1 < k < n) be an integer. Assume that 

(i) dYm{ff.^QZemQi.{f))< m - 2 for every I < io < ■ ■ ■ < ik < q, 

(ii) f^gon ULi (Zerog,(/) U ZeroQ^^ {g)) . 
Then the following assertions hold: 

. „ 2kN{nN + n + l) . . 

a) Ifq> ^ then f = g. 

d 

b) In addition to the assumptions (i)-(ii), we assume further that both f and g are 
algebraically nondegenerate over K,{Q.y<i__^. If q > — ^^^^ f — 9- 

We note that the numbers of hypersurfaces in our results are really reduced when com- 
pared to that in Theorem B of Dethloff - Tan. Also by introducing some new techniques, 
we simplify their proofs. 
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We would like to emphasize here that in all Theorem 11.31 and previous results on the 
uniqueness problem, the meromorphic mappings always are assumed to agree on the 
"inverse images" of all moving hypersurfaces. Our last purpose in this paper is to show 
an algebraic relation between meromorphic mappings in the case where they agree on the 
"inverse images" of only n + 2 moving hypersurfaces. Namely, we will prove the following. 

Theorem 1.4. Let f and g be nonconstant meromorphic mappings o/ C™ into P"(C). 
Let Qi {i = l,...,q) be a set of slow (with respect to f and g) moving hypersurfaces in 
P"(C) in weakly general position with deg Qi = di. Put d = lcm{di, dg), 

Lj = [ ^ ^ " y"^^ ^ + 1], where M = d- {4(11+ 1){2'' ~l){nd+l)+n + l),po = 

, (r„")Ms-i)-Mrr)M:)) ^,j. ^ . a^rm^^ 

Assume that f and g are algebraically nondegenerate over /C{q-}9_^ and 
(i) dim(nJ^o Zero(5i^(/))< m - 2 for every 1 < io < ■ ■ ■ < ik < n + 2, 
(a) mm{i/^^^jr^{z), Li} = mm{u^^^g^{z) , Li} for every n + 3 <i < q, 
(it) f = g on Ur=i^(Zero(5i(/) U ZeroQ^^ (^)) . 

If q > n + 2 + 2kL, where L = maxi<j<„+2 ^ then there exist at least [ '^~^~^ ] + 1 indices 
n + 3 < ii < ■ ■ ■ < i^ g-n-2 | ^ ^ such that 

Qhig) Qi2i.9) Q^,,-„-2,.^9)' 
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2. Basic notions and auxiliary results from Nevanlinna theory 

2.1. We set \\z\\ = {\zi\^ H h l^mP)^^^ for z = {zi, . . . , z„) G C™ and define 

B{r) := {2 G C™ : H^H < r}, S{r) := {z G : \\z\\ = r} (0 < r < oo). 

Define 

Vm-i{z) := (rfd'^l 1^)™ ^ and 
a„,{z) := d'\og\\z\\^ A {dd'log\\z\\^)""'^on C" \ {0}. 

2.2. Let F be a nonzero holomorphic function on a domain Q in C™. For a set a = 
(q!i, am) of nonnegative integers, we set |a| =«! + ... + and V"F 



We define the map z/i? : i7 — > Z by 

lypiz) := max {k : V°'F{z) = for all a with \a\ < k} {z e 



c)"i2;i...(9""'2;„ 
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We mean by a divisor on a domain Q in a map : Q — > Z such that, for each a e 
there are nonzero holomorphic functions F and G on a connected neighborhood U (Z ft 
of a such that ly^z) = i/piz) — uaiz) for each z & U outside an analytic set of dimension 
< m — 2. Two divisors are regarded as the same if they are identical outside an analytic 
set of dimension < m — 2. For a divisor z/ on we set \v\ := {z : iy{z) ^ 0}, which is 
either a purely (m — l)-dimensional analytic subset of Q or an empty set. 

Take a nonzero mcromorphic function (/? on a domain Q in C™. For each a E Q, we 

choose nonzero holomorphic functions F and G on a neighborhood U G Q such that 
F 

Lf = — on U and dim(F^"'^(0) fl G^^{0)) < rn — 2, and we define the divisors 

by z/^ := Up, := vq, which are independent of choices of F and G and so globally 
well-defined on Q. 

2.3. For a divisor on and for a positive integer M or M = oo, we define the counting 
function of by 

u^^\z)=mm {M,u{z)}, 



Similarly, we define n^^^{t). 
Define 

N{r, u) 



J iy{z)vm~i if m > 2, 
W\ nB{t) 

^ ^{z) if m = 1. 



[ ^^dt (Kr <oo). 

1 



Similarly, we define A^(r, v^^^') and denote it by A^[^^(r, v). 
Let (/? : C™ — )■ C be a meromorphic function. Define 

For brevity we will omit the character if M = oo. 

2.4. Let / : C"^ — )■ P"^(C) be a mcromorphic mapping. For arbitrarily fixed ho- 
mogeneous coordinates [wq Wn) on P"(C), we take a reduced representation 
/ = (/o '■ ■■■ : fn), which means that each /j is a holomorphic function on C"* and 
f{z) = {fo{z) : • • • : fn{z)) outside the analytic set {/o = = = 0} of codimension 
>2. Set 11/11 = (|/oP + --- + |/nP)'^'. 
The characteristic function of / is defined by 



7>(r)= J log||/||<7„- y log 

S{r) S(l) 
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2.5. Let (f he a, nonzero meromorphic function on C"*, which are occasionally regarded 
as a meromorphic map into P^(C). The proximity function of ip is defined by 

m{r,ip):= logmax (|(^|, l)c7m. 
Js{r) 

The Nevanhnna's characteristic function of (p is defined as follows 

T(r, ip) := Ni(r) + m(r, ip). 

Then 

T^{r)=T{r,p) + 0{l). 

The function (p is said to be small (with respect to /) if || T^{r) = o{Tf{r)). Here, by the 
notation "\ \ P" we mean the assertion P holds for all r e [0, oo) excluding a Borel subset 
E of the interval [0, oo) with j^dr < oo. 

We denote by M. (resp. /C/) the field of all meromorphic functions (resp. small mero- 
morphic functions) on C"*. 

2.6. Denote by "Hc^ the ring of all holomorphic functions on C"*. Let Q be a homoge- 
neous polynomial in "Hc^f^^oi • • • ; -^n] of degree d> 1. Denote by Q{z) the homogeneous 
polynomial over C obtained by substituting a specific point z e C'" into the coeffi- 
cients of Q. We also call a moving hypersurface in P"(C) each homogeneous polynomial 

] such that the common zero set of all coefficients of Q has codimen- 

sion at least two. 

Let Q be a moving hypersurface in P"(C) of degree d>l given by 

where Xd = {{io, Q e Ng^^ ; ?o H ^ in = d}, aj e Ucm and = oj'^ ■ ■ ■ u"^. We 

consider the meromorphic mapping Q' : C™ — )■ P^(C), where = ("^'^), given by 

Q'{z) = {ai^{z) ai^{z)) {Id = {/q, /jv})- 

The moving hypersurfaces Q is said to be "slow" (with respect to /) if 1 1 TQ'{r) — o{Tf{r)). 
This is equivalent to | |T"/. (r) = o{Tf{r)) for every aj. ^ 0. 

a J . 
3 

Let {QiYi=i be a family of moving hypersurfaces in P"(C), degQj = dj. Assume that 

= ^ auuj^ . 

We denote by iCto ii the smallest subfield of M which contains C and all ^ with 
ttij ^ 0. We say that {Qijj^i are in weakly general position if there exists z e C"* such 
that all Oj/ (1 < z < g, / e I) are holomorphic at z and for any 1 < zo < • • • < in < ? the 
system of equations 

iQij{z){wo, . . . , Wn) = 

\ 0<j<n 
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has only the trivial solution w = (0, . . . , 0) in C"+^. 

2.7. Let / be a nonconstant meromorphic map of C" into P"'(C). Denote by Cf the set 
of all non-negative functions h : C™ \ A — > [0, +oo] C R, which are of the form 





91 


+ ■ ■■ + 


9i 




\9i 


+1 


+ ••• + 


9i- 





where A;, / G N, gi, ....,gi^k ^ ^/ \ {0} S'lid A C C™, which may depend on qi, ....,gi^k, is 
an analytic subset of codimension at least two. Then, for h E Cf v/e have 

j log ham = o{Tf{r)). 

S(r) 

Lemma 2.8 (Lemma 2 [2]). Let {(5i}"=o ^ of homogeneous polynomials of degree d 
in /C/[xo, ■■■,Xn]- Then there exists a function hi G Cj such that, outside an analytic set 
of C" of codimension at least two, 

max |g,(/o,. ..,/„)! </ii||/||'^. 

iG{0,...,n} 

//, moreover, this set of homogeneous polynomials is in weakly general position, then there 
exists a nonzero function h2 G Cj such that, outside an analytic set of of codimension 
at least two, 

/i2||/||''< . max ig,(/o,...,/.)|. 



2.9. Lemma on logarithmic derivative (Lemma 3.11 |8j) 
meromorphic function on C"^. Then 



Let f be a nonzero 



m r 



P"(/) 
/ 



0(log+T(r,/)) (aGZ^ 



2.10. Assume that £ is a subset of a vector space V over a field TZ. We say that the set 
C is minimal over 71 if it is linearly dependent over 71 and each proper subset of £ is 
linearly independent over 7Z. 

Repeating the argument in (Prop. 4.5 [4j), we have the following: 

Proposition 2.11. Let $0; •••) be meromorphic functions on C™ such that {^o, ^k} 
are linearly independent over C. Then there exists an admissible set 

{ai = {an, aim)}i=o ^ ^1 

with \oLi\= ^JLi Ic^iil ^ ^ (0 < ^ < A;) such that the following are satisfied: 

(i) {P^'^o, r'"*$fc}^=o linearly independent over M., i.e., det (P^^^j) ^ 0. 

(ii) det(P"'(/i<l'j))= /i'=+i-det(P°'<l>j) for any nonzero meromorphic function h on C"*. 
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3. Segond main theorems for moving HYPERSURFAGES 

In order to prove Theorem 11.11 we need the following. 

Lemma 3.1. Let f be as in Theorem Let {Qi}^^^^^ he a set of homogeneous 

polynomials in /C/[xo, of common degree d in weakly general position, where N = 

^n+d-^ _ Assume that Qiif) ^ (0 < i < n{N + 1)). Then there exist a subset B of 
{Qiif) ; < z < n{N + 1)} and subsets Ii, of B such that the following are satisfied: 

{i) Ii is minimal, Ii is independent over ICf {2 < i < k). 

(li) B = Uti h n = (i 7^ j) and ^B>n + l. 

{Hi) For each 1 < i < k, there exist meromorphic functions Ca & lCf\ {0} such that 

Cc.Qaif)e C[jlA . 

Proof. Denote by Vj the vector space of all homogeneous polynomials of degree d in 
/C/[xo,...,x„]. It is seen that dimVf = ("+'^) = + 1. 

• We set Aq = {Qi{f) , < i < n{N + 1)}. We are going to construct the subset Bq 
of Aq as follows: 

Since ^Aq > + 1 = dim V^*, the set Aq is linearly independent over ICf. Therefore, 
there exists a minimal subset If over /C/ of Aq. If > n + 1 or , H {Aq \ 7°)^ = {0} 
then we stop the process and set Bq = If , Ai = Aq \ Bq. 

Otherwise, since {Ii)^:. ^ (^o \ -^i )j<; . {0}) we now choose a subset of Aq \ If 
such that I2 is the minimal subset of Aq \ If satisfying (/i)^^;^, H {l2)]Cf 7^ {0}- By the 
minimality, the subset I2 is linearly independent over /C/. If U I2) > n + 1 or 
{If U I^)^ n {Aq \ {If U I^))^ . = {0} then we stop the process and set Bq = If U l!^, Ai = 

Aq\Bq. 

Otherwise, by repeating the above argument, we have a subset Jg of Aq \ {If U /g). 
Continuiting this process, there exist subsets If,...,I^ such that: If is a subset of 
^ \ U;=\ II Ij is linearly independent over }Cf{2<j<k), {If) n 1°) ^ {0}, 

tt-Bo > n + 1 or {Bq)^^ fl (^40 \ Bq)^^ = {0}. Also, by the minimality of each subset 
If {2 < i < k), there exist nonzero meromorphic functions c° G /C/ such that 

• If ]\Bq > + 1, by setting B = Bq, Ii = If then the proof is finished. 

Otherwise, we have (Sq)^^ n {Aq \ Bq)^^ = {0}. We set Ai = ^0 \ ^o- Then 
dim{Ai),Cf < N + 1- dim(5o)^^ < A^ and jjAi > nA^ + 1 > A^ > dim{Ai)ic^. Simi- 
larly, we construct the subset Bi of Ai with the same properties as Bq. 
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• If tl-Bi > n + 1 then the proof is finished. Otherwise, by repeating the same argument 
we have subsets A3, and If. 

Continuiting this process, we have the following two cases: 

Case 1. By this way, we may construct subsets Bi, with H-Bj < n (1 < i < A^). 
We set Bn+1 = Aq \ Uio^^- Then ^B^+i > n{N + !) + !- n{N + 1) = 1. Then 
dim (i?iv+i);c/ — ^- other hand, it is easy to see that 

N 

dim {Bn+i)ic, = dim (^)^^ - dim (Bi)^^ < N + 1 - {N + 1) = 0. 

This is a contradiction. Hence this case is impossible. 

Case 2. At the step k — th {k < N) , we get jJSfc > n + 1. Then similarly as above, the 
proof is finished. □ 

Lemma 3.2. Let f be as in Theorem \1.1[ Let {Qi}^l^~^^^ be a set of homogeneous 
polynomials in /C/[xo, ■■■,Xn] of common degree d in weakly general position, where N = 
^n+d^ - 1. Assume that Qi{f) ^ (0 < z < n{N + 1)). Then we have 

n(N+l) 

\\Tfir)< Yl + 
Proof. By Lemma \3A] we may assume that there exist subsets 

Ii = {Qu+iif),...,Qu^Af)} {l<^<k) 

and functions Cj G /C/\{0} {t2 + l < i < t^+i), where ti = —1, which satisfy the assertions 
of Lemma 13.11 

Since Ii is minimal over /Cj, there exist Cij eTZ\{0} such that 

J2ci,QAf) = o. 

Define = for all j > ti. Then ^J^+l CijQjif) = 0. 
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Since {cij(5j(/)}*Li is linearly independent over /C/, there exists an admissible set 
{an, cuitj C Z!j! {\aij\ < t2 - 1 < N) such that 



A, 



I^""(ciiQi(/)) 
2^""^(ciiQi(/)) 



-/o 



Qo(/) 

QoU) 

CllQlif) 

Qoif) 



Qoif) 
Qoif) 



Cit^Qt^if) 

Qoif) 



iQoif)r • ^ 0. 



Now consider i >2. We set = Cj ^ (tj + 1 < j < ii+i), then Y^^-ll.^^-^^ CijQjif) e 
^Uj=i -(j^ ■ Therefore, there exist meromorphic functions Cij G /C/ (0 < j < tj) such 
thatE*^o4-Qi(/)=0. 

Define Cij = for all j > U+i. Then ^*t^o CijQjif) = 0. 

Since {cjiQj(/)}j=t.+i is linearly independent over /C/, there exists {aii}j=t.+i C Z!^ 
< ^i+i — *i — 1 < such that 



A = det (^P"^^- (^cMf )) ) = (go(/))**+-*^ • det (v-^^ (^^^) ) 
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Consider an tk+i x (tk+i + 1) minor matrixes T and T given by 



I^""(cioQo(/)) 

P°2*2+2(c2oQo(/)) 
2^"^'3(c2oQo(/)) 



r 



( cioQo(/) 
V Qo(/) 



V Qo(/) . 

V Qoif) 



C2oQo{f) 

Qoif) 



T,akt, + i ( CkoQoif) 

V Qoif) 

( ^koQoif) 

V Qo(/) 



-nan / '"l*fc+i 

Qo(/) 



CUk+iQtu+iif) 

. Qoif) . 

jya2t2+l ( ^^tk+iQtk+iif) 

Qoif) 



-pa2t3 / ^"^tk+iQtk+i if) 



Qoif) 

Cktk+iQtk+iif) 
Qoif) 

Qt.Af) 
Qoif) 



Denote by (resp. Di) the determinant of the matrix obtained by deleting the (z + l)-th 
column of the minor matrix T (resp. T). It is clear that the sum of each row of T 
(resp.T) is zero, then we have 



A = i-lYDo = (-irn^^ = i-l)\Qoif)f^^^\[Ai 



1=1 



= i-l)\Qoif)y'^'Do = (Qo(/))*'=+^ A. 
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Since tt(Ui=i ^i) > n + 1 and Qo, Qt^+i ^-^e in weakly general position, by Lemma 2.8 
there exists a function ^ e Cf such that 



< 



max (^eC-). 



0<i<tk+i 

Fix zo e C"". Take i {0<i<tk) such that \Qi{f){zo) \ = maxo<j<t, |Qj(/)(-Zo)|- Then 



|A-)(--o) 



f(-^o) 



iA(--o)i / ii/(--„)ir^ \ 



n;="oiQ.-(/)(^o)i mt"oiQ.(/)(^o)i viw)(^o)i; 



n-t"oiQ.(/)(^o)i 



This implies that 

i^o(^o)i.ii/(^o)r 



log 



<log+ Ur(zo)- 



|A(^o)| \ 

n5t:o,,y,iQ.(/)(^o)i; 



<log' 



|A(^o)| 



Thus, for each 2; e C"*, we have 
Po(^)|.||/(^)'"^ 



log; 



(3.3) 



<^log^ 

i=0 

tk + l 

i=0 



n;wjQ.(/)(^o)i 

|A(^)| 

n;wjQi(/)(^) 



n 



Qo{f){z) 



Note that 



D, 



QAf) 



det 



V Qoif) 



+ log+*(2;o). 

+ log+ '^'{z) 
+ log+*(2;). 

citk+iQtk+iif) 



Qoif) 



Qoif) 
Qoif) 

f ^koQoif) 

V Qoif) 

Qoif) 

Qoif) 



QtuAf) 
Qoif) 

Cktk+iQtk+iif) 
Qoif) 



QtUf) 
Qoif) 



(The determinant is counted after deleting the i-th column in the above matrix) 
By the lemma on logarithmic derivative, for each i and c G /C/ we have 



m r 



cQjif) 
Qoif) 



QAf) 
Qoif) 



< mi r 



cQjif) 
Qoif) 



cQAf) 



+m(r, c) 



Qoif) 

< o(\og+T^Q,^f^ (r)^+re(r) = o(T^(r)) 



Qo(/) 
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Therefore, we have 

m(^r,—-^^^-^^=o{Tf{r)) (0 < ^ < 4). 
Integrating both sides of the inequahty ( I3.3p . we get 



S{r) J Sir) \WJo\Qi{f)\J 

\W 



i=0 



< E / log^ ( Q.rn ) + / "^^^^^^ 

,TT*fe+l 
1 \.j=0,j^i 



S(r) Vlftfe+i I I / J Sir) 

" Qo(/) 



m 



1 li=o,: 



By Jensen formula, the above inequahty imphes that 

ik+l 

(3.4) II dTj{r) + ND,{r) - iV^(r) - ^ ArQ^(^)(r) < o{Tf{r)). 

We see that a pole of Do must be pole of some Cis or pole of some nonzero coefficients an 
of Qi and 

N^{r) < OiJ^N^r) + ^ iV^(r)) = o(T;(r)). 
Therefore, the inequality ( 13 ■4p implies that 

(3.5) II a!r;(r)<^iVQ,(;)(r)-iV^„(r) + o(TKr)). 

i=0 

Here we note that A = (— l)'Do, then z^^,. = v^^. 

We now assume that 2; is a zero of some functions Qi{f). Since tk+i + 1 > n + 1 and z 
can not be zero of more than n functions Qi{f), without loss of generality we may assume 
that z is not zero of Qo{f)- Then 



z/. 







z) > min iiy^ ^ -s (2^)! 



> max{0, 4(^)(2) - AT} - (iV + l)z/- (z) 
for each 1 < i < t^+i, 1 < J < — t^-i, 1 < s < A; + 1, where to = 0.. 
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Put I{z) = {N + 1) E;=i Etoits - t.-i)C(^)- Then 

tk+l 

(3.6) uooiz) > 5^max{0,z/°^(^)(z) -iV} -/(z). 

We note that if z is not zero of a function Qi{f) with i 7^ 0, replacing by and 
repeating the same above argument we again get the inequahty (13.61) . Hence (13.61) holds 
for all zeC"". It follows that 

*fc+i tfc-i 

E4>(/)W-^^oW < $^min{iV,z.o^(^)(2;)} + /(z). 

i=0 i=0 

Integrating both sides of the above inequality, we get 

i=0 i=0 

Combining this and (13. 5p . we get 

n{N+l) 

\\TAr)< J2 + 

i=0 

The lemma is proved. □ 

Proof of Theorem 11.11 

We first prove the theorem for the case where all Qi {i = 1, ...,q) have the same degree 
d. By changing the homogeneous coordinates of P"(C) if necessary, we may assume that 

Cj/j ^ for every i = 1, ...,q. We set Qi = Qi. Then {Oi}i=i ^ homogeneous 

polynomials in ]Cf[xQ, a;„] in weakly general position. 



Consider {nN + n + 1) polynomials Q,^, Qi^j^_^_„_^^ (1 < ij < q)- Applying Lemma [3^ 
we have 

nN+n+l nN+n+l 

Taking summing-up of both sides of this inequality over all combinations {ii, ...,inN+n+i} 
with 1 < ii < ... < inN+n+i < Q, we have 

nN+n+l 

Tf(r)< V -Nl^}jr) + o(Tf(r)). 

i=i 

The theorem is proved in this case. 

We now prove the theorem for the general case where degQj = di. Then, applying the 
above case for / and the moving hypersurfaces Q^ ' {i = 1, g) of common degree d, we 
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have 



q 



nN + n + _ 



The theorem is proved. □ 
Proof of Theorem 11.21 



By repeating the argument as in the proof of Theorem ll.H it suffices to prove the 
theorem for the case where all Qi have the same degree. 

By changing the homogeneous coordinates of P"(C) if necessary, we may assume that 

ttij-^ ^ for every i = 1, ...,q. We set Qi = Qi. Then {QjjLi ^ of homogeneous 

polynomials in ICf[xQ, ...,x„] in weakly general position. 

Consider (A^ + 2) polynomials On ? • • • > jv+2 (1 — h — l)- We see that dim{Qi^ ; 1 < 
j < N + 2)j^ < N+1 < N + 2. Then the set {Qn , Qjjv+2} is linearly independent 

over A^{Q,}9_^- Hence, there exists a minimal subset over AI^{Qi}9_^, for instance that is 
{Qii , Qit}, of {Qii, Qijv+2}- Then, there exist nonzero functions Cj {I < j < t) in 
such that 

ciQii H ^ CtQit = 0. 

Since Qj^, weakly general position, t > n + 2. Setting Fj = CjQj{f ), we 
have 

Fi + ■ ■ ■ Ft-i = —Ft. 



Choose a meromorphic functions h so that F = {hFi hFt-i) is a reduced represen- 

tation of a meromorphic mapping F from C"^ into P"'(C). It is seen that 



t-i 

iVh(r) < $^(iVx(r) + iVa,.,(r)) = o{Tf{T)). 



16 
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On the other hand, by the minimahty of the set {Qi^, Qu}, then F is hnearly nonde- 
generate over C. Applying the second main theorem for fixed hyperplanes, we get 



r^(r)<^iv£..^l(r) + o(THr)) 



t 



i=i ' 

t N+2 



It follows that 



N+2 



r/(r) = ^rHr) + o(T,(r))<5^iiV^l 



r + o 



(^/(r)). 



Taking summing-up of both sides of this inequality over all combinations {ii, ...,{^+2} 
with 1 < zi < ... < iN+2 < Q, we have 



N + 2' 



w<E^<;/)W+o(w)- 



The theorem is proved. 



□ 



4. Uniqueness problem of meromorphic mappings sharing moving 

hypersurfages 

In order to prove Theorem 11.31 and Theorem 11.41 we need the following. 

Lemma 4.1. Let f and g be nonconstant meromorphic mappings of C"^ into P"(C). Let 
Qi {i = 1, q) be slow (with respect to f and g) moving hypersurfaces in P"(C) in weakly 
general position with degQi = di. Assume that min{z/Q.j.^^(2;), 1} = min{t'g.(-^j(z), 1} for 
all 1 < i < q. Put d = lcm{di, dg) and N = ("^'^) — 1- Then the following assertions 
hold: 

(,) ifq> mnN+n+i) ^^^^ II y^^^^ ^ 0{Tg{r)) and \\ Tg{r) = 0{Tf{r)). 

(a) If both f and g are algebraically nondegenerate over IC^Q.yi_ and q > n + 2 then 
II Tj{r) = 0{Tg{r)) and \\ T,{r) = 0{Tf{r)). 



Proof, (i) It is clear that q > uN + n + 1. Then applying Theorem II. II for /, we have 
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q 



TT,ir)<J2jNi^l^ir) + oiT,ir)) 
1=1 * 



nN + n + _ 

i=l 



i=l 

g 



<qN Tf{r) + o{Tg{r)). 
Hence || Tg(r) = 0(T/(r)). Similarly, we get || Tf{r) = 0(Tg{r)). 
(ii) Applying Theorem A with ^ = 2' ^'^^^ there exists a positive integer L such that 



. 1 di 
1=1 

q 

di 



i=l 

Therefore, we have 



iq-n- hTfir) < jNl^\f^{r) + o{Tf{r)) kJ^J, + o{T,{r)) 



i=i i=i 
' L 



Hence || 7/(r) = 0(Tg(r)). Similarly, we get || Tg{r) = 0(Tf{r)). 



Proof of Theorem 11.31 We assume that / and g have reduced representations f = {fo '■ 
■■■ : fn) and g = {go : ■ ■ ■ : Qn) respectively. 

a) By Lemma WA\ (i) , we have || Tf{r) = 0{Tg{r)) and || Tg{r) = 0{Tf{r)). Suppose 
that / and g are two distinct maps. Then there exist two index s,t {0 < s < t < n) 
satisfying 

H := fsgt - ftgs ^ 0. 

Set S = IJ{nj=o '^^^'^Qijif) ! 1 < ^0 < ■ • • < ^fc < Q'}- Then S is either an analytic subset 
of codimension at least two of C" or an empty set. 

Assume that 2; is a zero of some Qi{f) (1 < ^ < and z ^ S. Then the condition (iii) 
yields that z is a zero of the function H. Also, since z ^ S, z can not be zero of more than 
k functions Qi{f)- Therefore, we have 

9 



k 

i=l 
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This inequality holds for every z outside the analytic subset S of codimension at least 
two. Then, it follows that 

(4-2) ^-W>^E<(/)W. 

On the other hand, by the definition of the characteristic function and Jensen formula, 
we have 



^H{r) = / log \fsgt - ftgsWm 

Js{r) 

< [ log||/||a^+ / log I I/I |a. 

Js(r) Js(r) 



'Sir) JS(r) 

= Tf{r) + Tg{r). 
Combining this and fl4.2p . we obtain 

Similarly, we have 



k 

i=l 



i=l 

Summing-up both sides of the above two inequalities, we have 

2(T,(r) + T,(r)) > i ± ivW(,)(r) + i ± <\^)(r) 

j=i 1=1 

t=i 1=1 

i=l i=l 

From (14.31) and applying Theorem 11.11 for / and g, we have 

2(TAr) + r,(r)) > ± ^A'^l,,„(r) + ± ^^V^ 



kN Qf'Hfy ' ^ kN Q',"Ht) 

1=1 i=l 



> 



d q 
kNnN + n + 



-(Tfir) + T,ir)) + oiTfir) + T,ir)). 



Letting r — > +oo, we get 2 > Aj—rrT—rT ^ <? < ^^^("^+"+^) _ This is a contradiction. 
Hence f = g. The assertion a) is proved. 

b) By Lemma WTl (ii) , we have || Tf{r) = 0{Tg{r)) and || Tg{r) = 0{Tf{r)). Suppose 
that / and g are two distinct maps. Repeating the same argument as in a), we get the 
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following inequality, which is similar to (14. 3p . 

(4,4) 2(TKr) + TJr)) > ± ^N^^.J,-) + ± ^N^,,^^). 

1=1 i=l 

From (14.41) and applying Theorem 11.21 for / and g, we have 

1=1 i = l 

Letting r — > +oo, we get 2 > -^jf^ ^ 9 < H^^^M±H)^ xhis is a contradiction. 
Hence f = g. The assertion b) is proved. □ 

Proof of Theorem 11.41 By Lemma 1411 11). we have 

II Tf{r) = 0{Tg{r)) and || T,(r) = 0{Tf{r)). 

By changing indices if necessary, we may assume that 

Q^' (/) ^ ^ Qt if) ^ Qtk (/) ^ ^ (/) 

d d 'I d d 



q:i%' (9) Qi:^ (g) Qi:ti (g) Qt: (9) 



group 1 group 2 



d ^ — 2 d 



Qiti if) _ Q.'r (/) ^ ^ (/) - QtT if) 

d d d d ■ 



q::Ti (9) (^) Q::r:i (9) qz- (9) 

' ' V ' 

group 3 group s 

where kg = q. 

q — Ti — 2 

If there exist a group containing more than [ ] elements then we have the 

desired conclusion of the theorem. We now suppose that the number of elements of each 

q — n — 2 
group IS at most [ J. 

For each n + 3 < i < g, we set 



+ [ 2 ] ^ + f 2 ^ - ^' 

,(7 — 71 — 2, ^ ,q — n — 2, 
% + [-^ ] - g + n + 2 if« + [-2 ] > g, 



and 



20 SI DUG QUANG 



q — n — 2 Q if) 
Since the number of elements of each group is at most [ ], then — ^- and 



(/) 



d 



belong to two distinct groups, hence Pi ^ for every n + 3 < i < q. Then we 



(9) 
have 

P := n Pi^O- 

i=n+3 

We set 

. k+l 



U (nZerog,^.(/)). 



l<n<---<ife+i<n+l ^ j=l 

Then 5* is an analytic set of codimension at least 2 of C"*. 
Claim: || iVp^(r) > 2 ELi 

Indeed, fix a point z ^ I{f) U I{g) U S*. We assume that 2; is a zero of some functions 
Qiif) (1 < ^ < g). We set 

7 = {i : 1 < i < n + 2, (/, = 0} and t = U, 
J^{i : n + 3 < z < g, (/, = 0} and / = ft J. 

Here we note that <t,l < k and 1 < t + 1 < k. For each index i, it is easy to see that 
( d 

ypii^) > J min{f° Lj} if i G J, a{i) ^ J 

ypAz) > -T min{z^J.(^), Li} + - — min{i/° L^(i)} if i, a{i) e J 

^Pi{z) > if i, a{i) ^ J and t — Q 

^^Pi{z) > 1 if i,a{i) ^ J and i > 0. 

We set v{z) = : j, (7(j) ^ J}. It easy to see that 

viz) >q-n-2-2l> — '-. 

k 

Then, we have the following two cases: 
Case 1. t^O. Then 

yp{z) >2 -min{t/J.(^),Lj 

i=n+3 ' 

" ^ ^ _ r7 - 9 

\ — ^ - rn 7-1 y — — \ — ^ ■ r n -I 1 

=2 2^ ^mm{i/Q^(^),L,} + ^ 2^mm{//Q^(^),l}. 

j=n+3 * i=l 
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Case 2. < t < k. Then 

M^) >2 Yl |mm{z.°^(^),L,} + z;(^) >2 ^ | min{4(^), L,} + fc^^l^ 

i — n+3 i=n + 3 

- mm{i^Q^(^), L,} + 2^mm{z/Q^(^), 1}. 

i=n+3 i=l 

Therefore, from the above two cases it foUows that 

<J , 71+2 

up{z) > 2 2^ - mm{z/Q^^(^), Li} + mm{j^Q^(^), 1} 



for all z outside the analytic set /(/) U I{g) U S. 
Integrating both sides of the above inequality, we get 



i=n+3 * i=l 



q r n+2 „ 1 J 

i=n+3 i=l i=l 

q-n-2 2kL 2d , 
Here we note that — — > — — > — (l<i<n + 2). 

Similarly, we have 
(4-6) ^Hr)>2X^-^iVg;l)(r). 

1=1 

Then by (14. 5p and (14 .Op and by Theorem A with e = -, we have 
(4.7) II iVp(r) >d{q-n- \){Tf{r) + r,(r)) + o{Tf{r)). 



Repeating the same argument as in the proof of Theorem 11.31 by Jensen's formula and 
by the definition of the characteristic function, we have 

\\Np{r)= NpXr)< fl ^(^/W + r,(r)) 

i=n+3 i=n+3 

(4.8) =diq-n- 2){Tf{r) + r,(r)) + o{Tf{r)). 

From (14. 7p and (14. Sp . we have 

II d{q-n- \){Tf{r) + T,{r)) <d{q-n- 2){Tf{r) + r,(r)) + o{Tf{r)). 

3 

Letting r — )■ +oo, we get q — n < q — n — 2. This is a contradiction. Therefore the 

supposition is impossible. 
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Hence there must exist a group containing more than [ 
have the desired conclusion of the theorem. 



q — n — 2 
2 



] elements, then we 



□ 
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